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We show how to construct covariant amplitudes for processes involving higher spins in this
paper. First we give the explicit expressions of Rarita-Schwinger wave functions and propagators
for bosons with spins, then kinematic singularity free 3-leg eective vertexes are derived and given in
a list. Equivalence relations are worked out to get these independent vertexes. Constraints of space
reflection symmetry and boson symmetry are considered and shown in a explicit way. Some helicity
amplitudes for two-body decays in center of frame are calculated. Finally the covariant helicity
amplitudes for the process a1 → pi+pi+pi− are constructed to illustrate how to include background
(1PI) amplitudes. Both background amplitudes and resonance amplitudes are needed to give reliable
descriptions to high energy reactions.
PACS number(s): 11.80.Cr, 11.55Bq, 13.25-k
I. INTRODUCTION
Model independent amplitudes are needed to analyze high energy experimental data. Such amplitudes are usually
written in terms of helicity formalism rst proposed by Jacob and Wick [1{4], or tensor formalism by Zemach [5,6],
in a non-covariant form. Recently Chung [7] and Filippini et al. [8] emphasized on the importance of covariance to
get reliable results. Chung gave some examples of two-body decays with their amplitudes calculated in center of mass
frame in his works [7,9] on covariant tensor formalism. The case of spin-J ! spin-j + spin-0 with J; j  2 has been
discussed in detail in Ref. [8].
We construct covariant amplitudes in a view of S-matrix approach. We call a S-matrix (maybe o shell) after
stripping o external lines (wave functions) eective vertexes. Eective vertexes are related to Green functions by
LSZ reduction formulations [10,11], which can be divide into one-particle irreducible (1PI) parts and one-particle
reducible parts. The former ones are often called backgrounds and the later resonances. One should repeat the
process to divide those sub-vertexes connected by (full) propagators in resonance parts, until arrives at 3-leg vertexes
that can not be separated.
These eective vertexes (with three or more legs) should be constructed from the four-momenta of outer legs and
isotropic tensors of Lorentz group. We use wave functions satisfying Rarita-Schwinger conditions [12] in this paper.
This specic choice of wave functions will not introduce any model dependence, since we can change our results into
any other representations via basis transformations. Information on the structure of particles is contained in eective
vertexes. The general form of an eective vertex for bosons are tensors to be constructed from pi (i = 1; 2;    :)
and g ; "γ. Following the assumption of maximal analyticity [13{15], such vertex functions are free of kinematic
singularities (K. S.) [14,16{19]. However, one should be careful when writing down independent eective vertexes.
Since there are redundant components to be removed by Rarita-Schwinger conditions, some seemingly independent
terms are related by equivalence relations [20]. We work out equivalence relations and give a general list of 3-leg
eective vertexes. Some special cases of them have already been given by Scadron [20].
Additional symmetries give constraints on the form factors in eective vertexes. Space reflection symmetry demands
eective vertexes being tensors or pseudo-tensors, depending on spin-parities of their outer legs. The ratio of form
factors in tensor parts and those in pseudo-tensor parts can be taken as a parameter of parity violation. For 3-leg
eective vertexes involving two spin-0 particles, some processes are forbidden.
If an eective vertex is connected to two identical bosons, it must satisfy boson symmetry. There are kinematic zeros
in form factors that should be factored out. When both of the two bosons are on shell, the \anti-symmetric" parts of
the 3-leg eective vertex vanish. For the case of one particle is on shell while another is o shell, the contribution from




factor which eliminates the denominator of the propagator for the o shell particle. We give a list of 3-leg eective
vertexes, with all these cases considered.
Covariant amplitudes in dierent reference frame are related by Wigner rotations [21]. We calculate the amplitudes
for some two-body decays in center of mass (CM) frame. The relation between amplitudes in laboratory frame and
those in CM frame is derived.
Background amplitudes should not be neglected in order to give a full description to a reaction, and to get reliable
information from data [22]. 1PI amplitudes will not give flat distributions if there are particles with non-zero spins.
The covariant helicity amplitudes for a1 ! ++− are constructed as a demonstration.
Our present work is partly based on Ref. [23]. In Sec. II we give a brief introduction to wave functions and
propagators. 3-leg eective vertexes are listed in Sec. III. Sec. IV and Sec. V are devoted to the constraint of space
reflection symmetry and boson symmetry. Two-body decays are considered in Sec. VI. In Sec. VII we discuss the
process a1 ! ++−.
II. WAVE FUNCTIONS
Let L(p) be a Lorentz transformation,
p = L(p)k : (1)
The standard momentum for a mass-W particles is (k) = (W ; 0
!
). The space-time metric we use is (g) =
diagf1;−1;−1;−1g: Now dene one-particle states as [24]
jp; i = U(L(p))jk; i (2)
with U(L(p)) the unitary representation of L(p) in Hilbert space. It satises
p^jp; i = pjp; i: (3)
We can choose the orthonormal condition to be
hp0 ; 0 jp; i = (2)3(2p0)(p!0 − p!)0: (4)




D0(W (; p))jp; 
0i; (5)
where
W (; p)  L−1(p)L(p) (6)
is the Wigner rotation [21] and fD0g furnishes a representation of SO(3):
If we dene the Lorentz transformation in Eq. (2) to be a pure Lorentz boost
L(p) = L(p!)
 R(’; ; 0)Lz(jp!j)R−1(’; ; 0); (7)
we obtain canonical states. Here R(’; ; 0) is the rotation that takes z-axis to the direction of p!, and the boost




W 2 + p!2; 0; 0; jp!j

. For a particle of spin-j,   (j;m).



















Dening the Lorentz transformation in another way leads to helicity states [1]:
L(p) = L(p!)R−1(’; ; 0)
 R(’; ; 0)Lz(jp!j): (10)
We have







p)L(p!))j!p; j; 0i (11)
and
U(R)jp!; j; i = jR!p; j; i: (12)
The two kinds of denitions are related to each other,
jp!; j; ihelicity =
X
m
Djm(’; ; 0)jp!; j;micanonical: (13)
Quantum states in terms of creation and annihilation operators read:
jp!; j; i =
p
(2)32p0ay(p!; j; )j0i; (14)
where j0i is the vacuum state. We use \" to mean that the relation holds for both helicity states and canonical













!; j; )acy(p!; j; )eipxg; (15)
with acy the annihilation operator of the antiparticle, and
U(; a)12:::jU
−1(; a) = 1
12
2 :::j
j12:::j (x+ a): (16)





!; j; ) =
X
0




so its denition is
e12:::j (p





; j; ): (18)
From the following innitesimal generators of the Lorentz group
(J1) =
0B@ 0 0 0 00 0 0 00 0 0 −i
0 0 i 0
1CA ; (J2) =
0B@ 0 0 0 00 0 0 i0 0 0 0
0 −i 0 0
1CA ; (J3) =
0B@ 0 0 0 00 0 −i 00 i 0 0
0 0 0 0
1CA ;
(K1) =
0B@ 0 i 0 0i 0 0 00 0 0 0
0 0 0 0
1CA ; (K2) =
0B@ 0 0 i 00 0 0 0i 0 0 0
0 0 0 0
1CA ; (K3) =
0B@ 0 0 0 i0 0 0 00 0 0 0






  e−iK3 =
0B@ cosh 0 0 sinh0 1 0 00 0 1 0
sinh 0 0 cosh
1CA =
0B@ E=W 0 0 jp
!j=W
0 1 0 0
0 0 1 0
jp!j=W 0 0 E=W
1CA ; (20)
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0B@ 1 0 0 00 cos  cos’ − sin’ sin  cos’0 cos  sin’ cos’ sin  sin’
0 − sin  0 cos 
1CA : (21)














































(1 + cos 2) + 1
1CCA ;
(ec (p

















cos  sin ei’
1CCA
(24)







W sin  cos’
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Wave functions for higher integral spin particles can be dened recurrently by
e12j (p















(j1; 1; j2; 2jj1 + j2; 03)(j1 + j2; 
0
3; k3; 3jj1 + j2 + j3; 
0
4)   




















































!; 2)    ej (p!; j):
(28)
4
The above expression is equivalent to that given by Scadron [20] and Chung [25], since they come from the same
denition of Eq. (26).
e12j (p
!; j; ) satises Rarita-Schwinger conditions: space-like, symmetric and traceless:
p1e12:::j (p
!; j; ) = 0; (29)
e1:::k:::l:::j (p
!; j; ) = e1:::l:::k:::j (p
!; j; ); (30)
g12e12:::j (p
!; j; ) = 0: (31)
















































(2j − 1)(2j − 3):::(2j − 2K + 1) ; (33)
and
~g = −g + pp
W 2
(34)
is the spin-1 projection operator. Spin projection operators are useful when we sum over nal (or initial) particles’
spins. They also serve as numerators of propagators [24]. From Eq. (32), the rst ve projection operators read





























(~g12~g31~g42 + ~g23~g11~g42 + ~g13~g21~g42+























(~g12~g34~g51 + ~g13~g24~g51 + ~g14~g23~g51
+~g12~g35~g41 + ~g13~g25~g41 + ~g15~g23~g41
+~g12~g45~g31 + ~g14~g25~g31 + ~g15~g24~g31
+~g13~g45~g21 + ~g14~g35~g21 + ~g15~g34~g21
+~g23~g45~g11 + ~g24~g35~g11 + ~g25~g34~g11)~g23~g45 :
(39)
Now we can state Feynman rules for bosons as: (1) Every incoming particle or incoming antiparticle contributes a
factor of e12:::j (p
!; j; ). (2) Every outgoing particle or outgoing antiparticle contributes a factor of e12:::j(p
!; j; ).
(3) For each spin-j internal line, include a factor [24]
i
P(j)12:::j;12:::j
p2 −W 2 + i : (40)
Note that we have dropped constants unnecessary for amplitude analysis. The denominator of Eq. (40) is often
changed to Breit-Wigner form as an approximation to the full propagator:
i
P(j)12:::j;12:::j
p2 −W 2 + iΓW ; (41)
where Γ is the width of the particle. The width is either determined from experiments or from the chain approximation
of theoretical models.
The problem left now is how to write down eective vertexes. We will give a list of 3-leg eective vertexes in next
section.
III. THREE-LEG EFFECTIVE VERTEXES
The eective vertex Γ should be constructed from momentums and isotropic tensors of the Lorentz group. Free
indexes left after contraction of pi ; g
 ; "γ are the Lorentz indexes of Γ. Here pi (i = 1; 2; :::; n) is the four-
momenta for particle i and "γ the antisymmetric tensor. Not all possible constructions are independent since we
have conservation of energy and momentum
p1 + p

2 + :::+ p

n = 0 (42)
and Rarita-Schwinger conditions.
The antisymmetric tensor has the property
""0000 = − det
8>><>>:
g0 g0 g0 g0
g0 g0 g0 g0
g0 g0 g0 g0
g0 g0 g0 g0
9>>=>>; ; (43)
so products of " can be absorbed into other terms K. S. freely.
Let’s move on to the case of eective vertexes with only three legs.
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FIG. 1. A three-leg eective vertex
As shown in Fig. 1, the four-momenta of the three particles are p1, p2 and p3. The spins are J1, J2 and J3,
and helicities being 1, 2 and 3. The Lorentz indexes for these particles are (1; 2; :::; J1), (1; 2; :::; J2) and
(γ1; γ2; :::; γJ3), so the eective vertex Γ has J1 + J2 + J3 indexes.
The antisymmetric tensor "γ in a three-leg vertex should contract with at least one four-momenta since wave
functions are symmetric.
We dene
Aγ1  p1"γ ; (44)
Aγ2  p2"γ ; (45)
Q  p1p2" : (46)
In eective vertexes involving higher spin particles, some seemingly independent terms we write down are in fact
not independent. There are equivalence relations among them. These equivalence relations come from Eq. (43) and
the following identity [20]
"γg = "γg + "γg + "gγ + "γg : (47)
We can nd1
Q1γ1p11 ’ p21A11γ12 − (p1  p2)A11γ11 +Q11pγ11 ; (48)
Q1γ1p12 ’ −(p1  p2)A11γ12 + p22A11γ11 +Q11pγ11 ; (49)
Q11g2γ1 ’ A11γ11 p22 +Q1γ1g21 ; (50)
Q11g2γ1 ’ −A11γ12 p21 −Q1γ1g12 ; (51)







2 − g1γ1p21 pγ21 p12 p22
’ g11p21 pγ11 pγ21 p22 + [(p1  p2)2 − p21p22]g11g2γ1g2γ2
− 12p22g1γ1g2γ2p11 p21 − 12p21g1γ1g2γ2p12 p22
− 12 (p1 + p2)2g11g22pγ11 pγ21 − (p1  p2)g1γ1g1γ2p21 p22






2γ2p21 ’ −g11Q2γ1g2γ2 − g11Q2γ1g2γ2 ; (54)

















’ 12p21A11γ12 p22 g2γ2 − 12 (p1  p2)A11γ11 p22 g2γ2
+ 12 (p1  p2)A11γ12 g2γ2p21 − 12p22A11γ11 g2γ2p21
+ 12 [(p1  p2)− p21]g11A22γ12 pγ21
+ 12 [(p1  p2)− p22]g11A22γ11 pγ21−g11Q22pγ11 pγ21 :
(55)
The symbol \’" means that the left hand side and the right hand side of the equation are equal only when they
are contracted with wave functions satisfying Eqs. (29-31). The left hand side of these equations can be absorbed into
those terms on the right hand side without introducing kinematic singularities.
A K. S. free eective vertex is written as
Γ = Γ+ + Γ−; (56)
where Γ+(Γ−) is the tensor(pseudo-tensor) part of the vertex. We sort the three particles in ascending order of their
spins, i.e., J1  J2  J3. After considering these equivalence relations, one nds:





1    pγj1

; (57)
Γ− = 0; (58)
 (J1; J2; J3) = (0; j; j0), with 1  j  j0
Γ+ = c1

























































































g1γ2g2γ3    gj−2γj−1pj−11 pj1 pγj1












g1γ1g2γ2    gjγj
+cj+2

g1γ1g2γ2    gj−1γj−1pj1 pγj1
















g2γ1g3γ2    gj−1γj−2pj1 pγj−11 pγj1
















g2γ2g3γ3    gjγj 
+c3j+3
(
g2γ2g3γ3    gjγj











g2γ2g3γ3    gjγj 
+c4j+3
(
g2γ2g3γ3    gjγj















g2γ1g3γ2    gj−1γj−2pj1 pγj−11 pγj1





















































































































































































































































































































g3γ1g4γ2    gj−1γj−3pj1 pγj−21 pγj−11 pγj1












g2γ2g3γ3    gjγj
+cj+1

g2γ2g3γ3    gj−1γj−1pj1 pγj1
















g2γ1g3γ2    gj−1γj−2pj1 pγj−11 pγj1
















g1γ3g2γ4    gj−3γj−1pj−21 pj−11 pj1 pγj1
















g1γ2g2γ3    gj−1γjpj1
































g4γ2g5γ3    gj−1γj−3pj1 pγj−21 pγj−11 pγj1
















g3γ2g4γ3    gj−1γj−2pj1 pγj−11 pγj1
















g3γ2g4γ3    gj−1γj−2pj1 pγj−11 pγj1


























g2γ3g3γ4    gj−2γj−1pj−11 pj1 pγj1














g2γ2g3γ3    gjγj
+c9j−1

g2γ2g3γ3    gj−1γj−1pj1 pγj1














































































































































































g3γ1g4γ2    gj−1γj−3pj1 pγj−21 pγj−11 pγj1 pγj+11
















g2γ2g3γ3    gj−1γj−1pj1 pγj1 pγj+11
















g2γ1g3γ2    gj−1γj−2pj1 pγj−11 pγj1 pγj+11
















g1γ3g2γ4    gj−2γjpj−11 pj1 pγj+11












g1γ2g2γ3    gjγj+1
+c4j+1

g1γ2g2γ3    gj−1γjpj1 pγj+11

































g4γ2g5γ3    gj−1γj−3pj1 pγj−21 pγj−11 pγj1 pγj+11
















g3γ2g4γ3    gj−1γj−2pj1 pγj−11 pγj1 pγj+11
















g3γ2g4γ3    gj−1γj−2pj1 pγj−11 pγj1 pγj+11






















g2γ3g3γ4    gjγj+1
+c8j+2

g2γ3g3γ4    gj−1γjpj1 pγj+11


















g2γ2g3γ3    gj−1γj−1pj1 pγj1 pγj+11





























































































































































































































































































































































































































































































































































































































etc. One can give more eective vertexes for those cases in which all three spins  3, but this will take too much
space and these vertexes are seldom used. We drop the factor (p1 + p2 + p3) in eective vertexes and amplitudes
through out this paper. Scalar coecients ci are complex functions of the form
ci = ci(p21; p
2
2; p1  p2): (77)
They are just constants when all of the particles are on shell. These coecients are also called invariant amplitudes,
coupling coecients, structure functions or form factors in dierent references.




2 ; (p1 + p2)
γi ; gij ; gij ; gγiγj (78)
will not vanish. However, such an o shell term always contributes a factor of p21 − W 21 , p22 − W 22 or p23 − W 23
after contraction with the propagator. This factor will eliminate the denominator of the propagator, which makes
the amplitude free of pole at the mass of the intermediate particle2. These contributions are not independent from
2See Ref. [24] for arguments on polology.
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background terms. They can be absorbed into back ground amplitudes without introducing kinematic singularities.
O shell terms are not needed when back ground amplitudes are included. One can refer to Sec. VII or Ref. [22] for
examples.
IV. SYMMETRY UNDER SPACE REFLECTION
Under space reflection operation P, canonical quantum states transform as
Pjp!; j;mi = j − p!; j;mi: (79)
If parity is conserved





























2;    jSj − p!1; J1;m1;−p!2; J2;m2;   i;
(81)
where S is the S-matrix operator.
The space reflection matrix is dened as [9]
(P) = diagf1;−1;−1;−1g; (82)
we have














g  PP g = g ; (85)

























2)    ec(p1; J1;m1)ec(p2; J2;m2)    
Γ(p01; p
0






















2)    ec(p1; J1;m1)ec(p2; J2;m2)    
Γ(p01; p
0
2;    ; p1; p2;    ; g ; "γ):
(88)
From Eq. (24) one can see
ec (p;m) = −ec (p;m); (89)
and for spin-j canonical wave functions,
e12jc (p; j;m) = (−1)je12jc (p; j;m): (90)















2)    ec(p1; J1;m1)ec(p2; J2;m2)   
Γ(p01; p
0


























2)    ec(p1; J1;m1)ec(p2; J2;m2)    
Γ(p01; p
0























2;    ; p1; p2;    ; g ;−"γ):
(92)
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2− = 1; (93)












2− = −1: (94)
Mixing of tensor and pseudo-tensor vertexes always means violation of space reflection symmetry. One can also prove
the same result using helicity wave functions [22].
We can see from Eq. (58) that, if space reflection parity is conserved, a spin-j particle decaying into two scalar(or
pseudo-scalar) particles must has the parity of (−1)j, while a particle decaying into a scalar and a pseudo-scalar
particle has the parity of −(−1)j. Similarly, for spin-0 ! spin-j + spin-0, the parity of the spin-j particle will be
(−1)j (or −(−1)j) if the two spin-0 particles have the same ( or opposite) parities.
V. BOSON SYMMETRY
For two identical bosons, we have h







   ; p!; j; ;    ; p!0 ; j; 0 ;   E =    ; p!0 ; j; 0 ;    ; p!; j; ;   E : (96)
This demands3
Γ12j 12j  = Γ12j 12j : (97)
Suppose particle 1 and particle 2 are identical particles. We dene





Let’s rst separate the 3-leg eective vertexes given in Sec. III into 1-2 symmetric parts Γ(S) and 1-2 anti-symmetric
parts Γ(A) :
 (J1; J2; J3) = (0; 0; j), with j an even number
Γ(S)+ = c1(k
γ1kγ2   kγj ); (101)
Γ(A)+ = 0; (102)
Γ(S;A)− = 0: (103)
 (J1; J2; J3) = (0; 0; j), with j an odd number
Similar to the previous case, with Γ(S)  ! Γ(A) :
Γ(S)+ = 0; (104)
Γ(A)+ = c1(k
γ1kγ2   kγj ); (105)
Γ(S;A)− = 0: (106)
3Strictly speaking, we should use Green functions to derive properties of o shell eective vertexes.
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 (J1; J2; J3) = (j; j; 0), with j  1
Γ(S)+ = c1
(
g11g22    gjj
+c2
(
g11g22    gj−1j−1pjj
+   
+cj+1
(
p1p2    pjp1p2    pj ;
(107)






g22g33    gjj
+cj+3
(
g22g33    gj−1j−1pjpj
+   
+c2j+1
(
p1p2    pjp1p2    pj} ;
(109)
Γ(A)− = 0: (110)
 (J1; J2; J3) = (1; 1; j), with j an even number and j  2
Γ(S)+ = c1g
1γ1g1γ2 (kγ3kγ4    kγj )
+c2
(
g1γ1p1 − g1γ1p1 (kγ2kγ3    kγj )
+c3g11 (kγ1kγ2    kγj )






(kγ2kγ3   kγj ) ; (112)
Γ(S)− = c6A
11γ1
− (kγ2kγ3    kγj )





(kγ3kγ4   kγj )
+c9A
11γ1
+ (kγ2kγ3   kγj ) :
(114)
 (J1; J2; J3) = (1; 1; j), with j an odd number and j  3
Similar to the previous case. Just interchange the 1-2 symmetric vertexes with the 1-2 anti-symmetric ones.







g22g33    gjj
+c2
(
g22g33    gj−1j−1pjpj
+   
+cj
(




g1γ1p1 − g1γ1p1  cj+1 (g22g33    gjj
+cj+2
(
g22g33    gj−1j−1pjpj
+   
+c2j
(





g11g22    gjj
+c2j+2
(
g11g22    gj−1j−1pjpj
+   
+c3j+1
(









g22g33    gjj
+c3j+3
(
g22g33    gj−1j−1pjpj
+   
+c4j+1
(








g22g33    gjj
+c4j+3
(
g22g33    gj−1j−1pjpj
+   
+c5j+1
(





g22g33    gjj
+c5j+3
(
g22g33    gj−1j−1pjpj
+   
+c6j+1
(
p2p3    pjp2p3    pj} :
(118)
























































































































































 (J1; J2; J3) = (2; 2; j), with j an even number and j  4
Γ(S)+ = c1g
11g22 (kγ1kγ2   kγj )
+c2g11g2γ1g2γ2 (kγ3kγ4    kγj )
+c3g11
(
g2γ1p2 − g2γ1p2 (kγ2kγ3    kγj )
+c4g11p2p2 (kγ1kγ2    kγj )
+c5g1γ1g2γ2g1γ3g2γ4 (kγ5kγ6    kγj )
+c6g1γ1g1γ2
(
g2γ3p2 − g2γ3p2 (kγ4kγ5    kγj )





(kγ3kγ4   kγj )












(kγ4kγ5    kγj)
+c12
(









γ2kγ3    kγj)
















g2γ2p2 − g2γ2p2 (kγ3kγ4    kγj )





























g2γ3g2γ4 (kγ5kγ6    kγj ) :
(130)
 (J1; J2; J3) = (2; 2; j), with j an odd number and j  5
Similar to the previous case, with Γ(S)  ! Γ(A) .








g33g44    gjj
+c2
(
g33g44    gj−1j−1pjpj
+   
+cj−1
(




g22g33    gjj
+cj+1
(
g22g33    gj−1j−1pjpj
+   
+c2j−1
(






g22g33    gjj
+c2j+1
(




p2p3    pjp2p3    pj}
+c3jkγ1kγ2
(
g11g22    gjj
+c3j+1kγ1kγ2
(







g33g44    gjj
+c3j+3
(
g33g44    gj−1j−1pjpj
+   
+c4j
(
p3p4    pjp3p4    pj}(
g1γ1p1 − g1γ1p1 kγ2
c4j+1
(
g22g33    gjj
+c4j+2
(













g33g44    gjj
+c5j+2
(
g33g44    gj−1j−1pjpj
+   
+c6j−1
(







g33g44    gjj
+c6j+1
(
g33g44    gj−1j−1pjpj
+   
+c7j−2
(









g22g33    gjj
+c7j+1
(
g22g33    gj−1j−1pjpj
+   
+c8j−1
(











g33g44    gjj
+c8j+1
(
g33g44    gj−1j−1pjpj
+   
+c9j−2
(





g22g33    gjj
+c9j
(
g22g33    gj−1j−1pjpj
+   
+c10j−2
(





g22g33    gjj
(134)
and so on.
We need to consider three cases:
1. Both of the two identical particles are internal lines





1 − p22)Γ(A) (135)







1 − p22)2; p1  p2

: (136)
2. One is on shell, another an internal line
The factor (p21 −W 2) or (W 2 − p22) will eliminate the denominator of the propagator for the o shell particle.







p21; p1  p2

: (138)
3. Both of the two identical particles are on shell





ci = ci (p1  p2) : (140)
From Eqs. (104,106) one can infer that a particle decaying into two identical spin-0 particles must has a even spin.
If parity is conserved, the parity of such a particle must be +1. For example, 0; ; 0; !; ; a1; f1 etc. will not
decay into two neutral pions4.
Examples for incorporating boson symmetry in 4-leg vertexes can be found in Sec. VII and Ref. [22].
4ρ0 → 2pi0 also violates (approximate) isospin symmetry. Since boson symmetry is an exact symmetry, this process is
absolutely forbidden.
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VI. COVARIANT HELICITY AMPLITUDES FOR TWO-BODY DECAYS
Helicity amplitudes for two body-decays can be write down directly using the wave functions and vertexes given in
previous sections. Such amplitudes can be calculated in arbitrary reference frame. Especially they can be calculated
in laboratory frame so that no Lorentz transformation is needed. However, one might still favor amplitudes in center
of mass frame(CM frame). We will give some explicit results calculated in the rest frame of parent particles in this
section.
Suppose a spin-J particle with momentum p decays into a spin-s and a spin- particle with momentum q and k.
The helicity amplitude of such a process is
M(p; q; k)  hq!; s; ; k
!













 hq!0 ; s; 0 ; k!0 ; 0 ; jSj0!; J; i (141)
with
q
0 = L−1(p)q ; (142)
k
0 = L−1(p)k : (143)
Here Eq. (11) has been used. Notice that we should use L(p) dened in Eq. (10).
From Eqs. (9,12) one can rotate q!
0
to the direction of z-axis:














0−0;(’; #; 0)F00 ; (144)
where (#; ’) is the direction of q!
0
. F is the helicity amplitude in the rest frame of the parent particle,
F = hq; s; ; k; ; jSjp; J; − iCM : (145)
p; q; k have been redened to their CM frame values in the above equation. We follow the convention of Chung [25]
in this section:
(p) = (W ; 0; 0; 0);
(q) = (q0; 0; 0; r=2);
(k) = (k0; 0; 0; −r=2):
(146)
Eq. (144) is the relation between helicity amplitudes in laboratory frame and those in CM frame. It can be derived
in a alternative way by writing down the explicit expressions for these amplitudes and use Lorentz transformation
properties of wave functions in Eq. (17).
The masses of the daughter particles are m and ,













The corresponding space reflection parity of the three particles are J , s and .
Parity conserving helicity amplitudes in CM frame satisfy [7,9]
F = Js(−1)J−s−F−;− : (150)
If the two daughter particles are identical, one has [1,7,9]
F = (−1)JF: (151)
Some explicit results for F are listed below. We assume space reflection symmetry in all processes.
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 Spin-1 −! spin-0 + spin-1, Js = −1
We should choose pseudo-tensor eective vertexes.





Here c is a scalar.
 Spin-1 −! spin-0 + spin-1, Js = +1
The eective vertex should be a tensor.








F00 = −c2: (156)
It can be applied to the process a1(1260) −! .
 Spin-1 −! spin-2 + spin-1, Js = +1
The eective vertex is a tensor.



































c5 + c4W 2

r2; (159)

















F21 = −c5: (162)
These amplitudes are applicable to the case J= −! a2(1320).
 Spin-1 −! spin-4 + spin-1, Js = +1
Use the tensor vertexes given in Sec. III.

















c3 + c1W 2

r6; (164)
























c5 + c4W 2

r4; (166)





















 Spin-0 −! spin-1 + spin-1, Js = −1
The eective vertex is a pseudo scalar.
F = −F−;− ; (169)
F11 = igWr: (170)
These amplitudes automatically satisfy
F = F: (171)
 Spin-0 −! spin-1 + spin-1, Js = +1
The vertex is a tensor.





c2 + c1W 2

r2; (173)
F11 = c2: (174)
 Spin-0 −! spin-0 + spin-1, Js = −1
The vertex should be a tensor.
F00 = −W2c: (175)
 Spin-2 −! spin-0 + spin-0, Js = +1
The vertex should be a tensor,
F00 = − 1p
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cr2: (176)
It can be applied to the decay f2(1270) −! +−.
 Spin-2 −! two identical spin-1 particles, J = +1
The vertex should satisfy boson symmetry.
F = +F−;− ; (177)









































 Spin-2 −! spin-2 + spin-0, Js = +1
The eective vertex should be a tensor.




















F20 = c3: (186)
 Spin-4 −! two identical spin-1 particles, J = +1
The vertex should satisfy boson symmetry.
F = +F−;− ; (187)
F = F; (188)















c2 + c1W 2

r6; (189)

























 Spin-4 −! spin-2 + spin-0, Js = +1
The eective vertex is a tensor.







































 Spin-1 −! spin-0 + spin-0, Js = −1
The eective vertex should be a vector.
F00 = − c2r: (197)
VII. RESONANCES AND BACKGROUNDS
For a process involving more than three particles, we must separate the vertexes into one-particle irreducible (1PI)
parts and one-particle reducible (1PR) parts. Usually 1PI parts are called backgrounds, while 1PR parts are called
resonances. An example with 4-leg vertex are shown in Fig. 2.
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FIG. 2. A 4-leg vertex can be divided into an 1PI part and resonance parts
Feynman graphs for the process a1 ! ++− are illustrated in Fig. 3. We consider only  resonance here. The
four-momenta of a1 and the three pions are p, p1, p2 and p3, with
p = p1 + p2 + p3: (198)




















pa ,1 pa ,1
FIG. 3. The 1PI graph and two ρ-resonance graphs for the process a1 → pi+pi+pi−
The background amplitude can be found after an analysis similar to that in Ref. [22]5:
M(b) = e(p; )fb1(p1 + p2) + [(p1 − p2)  p3]b2(p1 − p2)g; (199)
bi = bi
(
(p1 + p2)  p3; [(p1 − p2)  p3]2

: (200)
We use Breit-Wigner factors as approximation to the full propagators in Fig. 3, i.e., write the propagators of 0 as
g − (p2 + p3)(p2 + p3)=m2
(p2 + p3)2 −m2 + iΓm
(201)
and
g − (p1 + p3)(p1 + p3)=m2
(p1 + p3)2 −m2 + iΓm
; (202)
where m is the mass of 0 and Γ its width. Alternatively, one can choose propagators in other forms to get better
approximations.
The 0+− vertexes must be vectors if parity is conserved, which can be read out from the list of Sec. III:
Γ+−(p2; p3) = c(p2  p3) (p2 − p3) ; (203)
Γ+−(p1; p3) = c(p1  p3) (p1 − p3) : (204)
The a1+0 vertexes must be tensors,
5The c3 term in Eq.(10) of Ref. [22] can be dropped without introducing K. S..
28
Γa1+(p1; p2 + p3) = c
0
1(p2  p3)g + c
0
2(p2  p3)p1p1 ; (205)
Γa1+(p2; p1 + p3) = c
0
1(p1  p3)g + c
0
2(p1  p3)p2p2 : (206)
Combining all of these together, we nd the resonance part of the amplitude to be
M(res) = e(p; )f D23[ 32c1(s23) + 12p1  (p2 − p3)c2(s23)](p1 + p2)
+D23[− 12 c1(s23) + 12p1  (p2 − p3)c2(s23)](p1 − p2)
+D13[ 32c1(s13) +
1
2p2  (p1 − p3)c2(s13)](p1 + p2)
+D13[− 12 c1(s13) + 12p2  (p1 − p3)c2(s13)](p2 − p1)g:
(207)
Here p3 ’ −(p1 + p2) have been used, and
s23 = (p2 + p3)2; (208)
s13 = (p1 + p3)2; (209)
D23 =
1




s13 −m2 + iΓm
: (211)
It is easy to see
p1  (p2 − p3) =
m2a1 + 9m
2
 − 2(2s13 + s23)
2
; (212)
p2  (p1 − p3) =
m2a1 + 9m
2
 − 2(s13 + 2s23)
2
: (213)
After redenition of c1, c2 and b2, the covariant helicity amplitude becomes
M  M(b) +M(res)
= e(p; )(p1 + p2)
f b1
(





 − 2(2s13 + s23)]c2(s23)D23
+[m2a1 + 9m
2
 − 2(s13 + 2s23)]c2(s13)D13g
+e(p; )(p1 − p2)
f [s13 − s23]b2
(





 − 2(2s13 + s23)]c2(s23)D23
−[m2a1 + 9m2 − 2(s13 + 2s23)]c2(s13)D13g:
(214)
The background amplitude will not give a flat distribution in the Dalitz plot of the three pions:P

jM(b) j2 = −jb1j2(p1 + p2)2 − jb2j2(p1 − p2)2[(p1 − p2)  p3]2
+ 1m2a1
f jb1j2[p  (p1 + p2)]2 + jb2j2[p  (p1 − p2)]2[(p1 − p2)  p3]2
+(b1b2 + b1b

2)[p  (p1 + p2)][p  (p1 − p2)][(p1 − p2)  p3]g:
(215)
In fact for any process involving particles with non-zero spins, the background distributions are not flat. If we do not
include such background(1PI) terms, those resonances terms we have considered might just simulating the background
distributions. Let’s take the process a1 ! ++− as an example. We can not say that we have seen 0 or some
other resonances, if the background term M(b) is not considered when we t data. Particularly, this is the case for
resonances far o shell or with large widths. One must include background terms. A resonance in a process
can be taken as well established under two conditions: (1) We must include the background terms in amplitudes
with and without such a resonance. (2) The amplitudes including the resonance signicantly improve the best t to
experimental data, comparing to those ignoring it.
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VIII. SUMMARY
The main results of this paper are summarized bellow:
A list of general 3-leg eective vertexes for bosons is given, with kinematic singularities carefully avoided. Space
reflection symmetry demand eect vertexes to be tensors or pseudo-tensors depending on spin-parities of external
lines. Mixing of tensor and pseudo-tensor vertexes always means violation of parity conservation. Boson symmetry
require that eective vertexes take the special form given in Sec.V. The requirement of parity conservation and boson
symmetry leads to selection rules. These results are needed when we construct phenomenological models or write
amplitudes to t data of high energy experiments.
Helicity amplitudes in laboratory frame are related to those in center of mass frame by Wigner rotations. For
two-body decays, it is possible to write the explicit expressions of covariant helicity amplitudes in a concise form.
S-matrixes for processes involving more than three particles can be divide into 1PI parts and one-particle reducible
parts, or in another words, backgrounds and resonances. We emphasize that such background terms are important
when one try to extract meaningful information on resonances. This is especially the case if the width of the resonances
are large, or the resonances are far o shell.
Constraints of gauge invariance on eective vertexes will be the content of another paper.
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